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E — 1—INTRODUCTION

2 : It often happens in physical experiments and in technical processes that there is
= 5 some physical quantity, subject to random disturbances, which it is required to keep
T O as nearly constant as possible by the operation of some controlling gear. For
=w example, it may be required to keep a room, or a reaction vessel, at a constant

temperature by controlling the electric current passing through a heating coil, or
steam passing through heating pipes, or the operation of a heating or cooling engine.

The operation of the controlling gear could be by trial and error, but it may often
be desirable that it shall be made to depend in some definite way on the behaviour
of the physical quantity to be controlled ; the determination of such behaviour and
the consequent controlling action may each be carried out either by an operator
or by automatic means. It is convenient to make a distinction between the element
(such as rheostat or steam valve) whose setting directly affects the physical quantity
concerned, and the apparatus employed (if any) to make appropriate adjustments
of this setting. We will call the former the ‘‘ controlling gear > and the latter the
‘ control apparatus ” and the two together the ““ control system .

Whether the controlling action is automatic, or contains a manual element, it
may often happen that there is a time-lag between any particular incident in the
behaviour of the quantity being controlled, and the result of the operation of the
controlling gear brought about by this incident ; in the example considered, there
may be a time-lag between the occurrence of a rise of temperature in the room and
the decrease of emission of heat from the heating elements, due to the time required
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— for the thermometer, which is recording the temperature in the room, to acquire
;5 S this temperature, and to the time required for the resistance to cool down when
OH the current through it is decreased. Time-lags of several minutes may occur in
= large scale practice ; a value of the order of 1 minute is common.

= O The primary object of the work summarized in this paper was to make a theoretical
E 8 study of a general class of such control systems with a time-lag, and to obtain some

guidance as to the optimum values of the constants in the relation between the
quantity controlled and the operation of the controlling gear.
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416 A. CALLENDER, D. R. HARTREE, AND A. PORTER

The argument is general, and is independent of the particular physical quantity
controlled (e.g., temperature, pressure, CO, content, voltage) and of the particular
type of controlling gear (e.g., steam valve or rheostat), though we shall later indicate
briefly the application of the results to particular kinds of controlling gear as
examples.

A systematic theoretical investigation of the factors involved in the process of
control is interesting in itself, and is desirable, if not absolutely necessary, as a basis
for detailed design of control apparatus, as its results are much more precise and
definite, as well as more general, than any which could be reached by a purely
empirical investigation with an actual control system, and also because the field is
too extensive to be covered adequately by such an empirical study.

An investigation somewhat similar to that here described has been given recently
by Hazen,* in a theoretical study of the operation of servo-mechanisms ; he studies
the effect of time-lag in connexion with two kinds of servo-mechanism, but not in
connexion with what he terms ‘ continuous-control servo-mechanism >, which
corresponds most closely to the type of control with which we are concerned. Our
problem of control of a quantity subject also to uncontrolled disturbances is some-
what different from that of control of a power supply by a given motion of one part
of the mechanism ; also the combination of continuous control and the occurrence
of a time-lag is fundamental here, so that this work, though related to HAzEN’s,
does not overlap it, and was actually carried out independently.

There are two conditions which control must satisfy in order to be of practical
value ; it must be stable, that is to say it must not give rise to oscillations of increasing
amplitude in the quantity controlled, and it must be quick-acting, that is to say,
if the quantity controlled departs from its standard value, the control must operate
so as to bring it back to that value as soon as possible.

It is easy to see in a qualitative way that, especially when there is a time-lag in
the control system, these conditions are likely to be to some extent incompatible.
Consider for definiteness temperature control, and suppose that the temperature
increases. The control operates so as to decrease it towards the normal or standard
value, but on account of the time-lag the control does not respond to the temperature
reaching the normal value until after this value has been passedf ; that is, the
temperature overshoots the normal value and becomes too low. The shorter the
time required for the return to the normal value, compared with the time-lag, the
further will the temperature overshoot before the control responds to its reaching
the normal value, and it is clear that there is a danger of setting up an oscillation
of increasing amplitude if we try to make the return to the normal value too rapid.

* ¢ J. Franklin Inst.,” vol. 218, p. 279 (1934).

 For simplicity, the argument is here worded as if the operation of the control depended on the
value of the temperature only. Actually the situation will be less simple, as the operation of the
control may also depend on the time derivatives and integrals of the temperature. Indeed, it is just
by making the operation of the control depend on these latter quantities that we can hope to lessen
the degree to which the two conditions are incompatible.
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TIME-LAG IN A CONTROL SYSTEM 417

It should be realized that the complete elimination of fluctuations is impossible,
because it is only by the occurrence of such fluctuations that appropriate controlling
actions are called for.

It should also be mentioned that in practical examples a formulation involving
a time-lag is not always an exact way of describing the behaviour of the controlled
system and the action of the controlling gear on it, but rather is often an approximate
way of describing the behaviour of the solution of some set of differential equations
which are too complicated to formulate precisely or to solve. For example, the
relation between the increase of flow of steam through heating pipes and the increase
of temperature of the contents of a vessel should strictly be described by the equations
of heat transfer through the walls of the pipes and the containing vessel and through
the contents of the vessel ; but for practical purposes this relation can be approxi-
mately described by a time-lag. '

2—GENERAL STATEMENT OF THE PROBLEM

We shall write 0(¢) for the departure, at time ¢, of the quantity to be controlled
from its normal or standard value. Variation of 6(¢) may be due to three causes ;
firstly through uncontrolled disturbances, such as fluctuations in the temperature of
the surroundings of a vessel which we require to keep at constant temperature, or
variations of voltage on the mains from which the current for heating coils is taken ;
secondly, through the operation of the control gear, and thirdly, apart from changes
due to these causes, a departure of 0 from zero may in itself give rise to a variation
of 6 as for a vessel in a constant temperature bath.

We shall suppose that in general*

DO _py e —mo@, ()

where D(¢) is the effect of uncontrolled disturbances, which is to be regarded as a
given function of ¢, and will be called the disturbing function, C(#) is the effect, at
time /, of the operation of the control, and will be called the controlling function, and
— m 0(¢) is the inherent effect of variation of 0(¢) from its zero value.

We shall suppose that the mode of operation of the control is determined by the
behaviour of the quantity 0 to be controlled, so that the disturbing function D(#)
affects the control, not directly, but only through the variation of 6 to which it gives
rise. For a system with time-lag, the function C(#) then depends on the behaviour
of 0, not at time ¢, but at time ¢ — T, where T is the time-lag, which we shall suppose

* [Note added in proof, April 22, 1936.—The methods of this paper can be applied to a more general case
in which the system possesses inertia or its equivalent, the effect of which is to add a term proportional
to d20(t)/dt? to the left-hand side of (1). Results for this case, when the true time-lag T is zero, can

- easily be obtained, and, although of little practical value, are quite interesting, especially as a basis
of comparison.]

312
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418 A. CALLENDER, D. R. HARTREE, AND A. PORTER

to be constant. Then the effect of the control, at time ¢ + T, is to be determined
by the behaviour of 6(¢), at time . The dependence of G(¢ + T) on 0(#) describes
the behaviour of the control, and this dependence we shall call the law of control;
the law which we shall consider here is

QU T) = g 00) 4 a0 () £ m0(8) . . . . .. (2)

where dots denote time differentiation as usual, and 7;, n,, n; are constants.

To see the physical significance of a law of control of this general type, consider
for the moment the example of temperature control by steam heating, the steam
supply being controlled by a valve. Then the setting of the valve determines the
controlling function, and a law of control of the form (2), with n, # 0, means that
not the valve setting itself, but its time rate of change, depends on the values of the
temperature and its derivatives, so that the valve setting itself depends not only on
the behaviour of the temperature at an instant, but on the time integral of the
temperature, and so on its previous history. The dependence of C(z + T) on

J 0 dt when n, # 0, illustrated by this example, has important consequences, as will

appear in the further discussion. One consequence may be noted at once, namely,
that even if 6 has the same behaviour at two times ¢ and £,, G(¢ 4 T) may not
be the same for ¢t = ¢, and ¢ = {,, since rﬁ dt need not be zero.
Iy

It may be possible to obtain better control with control laws of other general
types,* but a law of control of the type (2) is easily attained in practice, and, for a
certain region of values of n,, n,, ny, m, and T, it gives a stable control, as will appear
from § 3. For the control to be satisfactory in practice, it is necessary that the set
of values of the constants should lie in the region for which the control is stable, but
this is not by any means sufficient, and we shall be concerned to determine the
suitable ranges of these constants for practical control, rather than the boundary of
the region for which the control is stable.

In the analysis it is usually convenient to take the time-lag T as unit of time.
We shall write

t/T=T,.............(3)

and
mT = Uy ny T2 — Vi, Ny T = Vo, Mg == Vg, « « « . (4)

and shall call v,, v,, v the ¢ control constants ” of the system.

* [ Note added in proof, April 22, 1936.—For example, a control law of the form
—C(t+T) = ny 2(t) + ns () + n:(0),
where z(t) is an auxiliary variable related to 0(¢) by
&(t) + By 2(t) = B, 0(2) + B, 0(), |
where B; and B, are constants, appears to have certain advantages and to be easily attainable in

practice, and the behaviour of control systems operating according to such a law of control is being
investigated on lines parallel to those of the present paper.]
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TIME-LAG IN A CONTROL SYSTEM 419

We shall also write
TD(@) = ¢(r), TCE) =¢(=) . . . . . .. (5)

and refer to ¢(<) as the disturbing function and write 0(<) for 6 regarded as a
function of < rather than of ¢. Then (1) and (2) become

—d%(:—) ={¢(7) + ¢(7) — ub(x), N ()
de(= + 1) do(=) , . d*0(x)
__ﬁ_‘wvle(f)+v2 T fvs-—%z—. e (D

If (7) is written in the integrated form

do()
p BN (8)

—c¢(v+ 1) =v, jy 0(c) dr -+ v,0(7) + v

it might at first sight appear that, on account of the indefinite lower limit in [ 0 dr,

S

¢(v) contains an arbitrary additive constant whose value might affect the behaviour
of the system. But clearly, if there is no disturbance (i.e., ¢ = 0), and 6 happens
to be steady at the value 0, the effect of the control must not be such as to change this
behaviour of 0, for any such change produced in these circumstances would be
contrary to the whole idea of control. From (6), (7) this means that if at any time
v, (either initially or in the course of the operation of the control system) a state
is reached in which
- dO(7y) . d*0(7y) —

(7y) =0 and 6(r,) = i 0, .... (9

then
(rg -+ 1) =0. . . . .. ... ... .10

This condition, which corresponds to the determination of the zero setting of the
control gear (e.g., of the steam valve or rheostat for temperature control), is equivalent
to the specification of the constant of integration, or the lower limit of the integral,
in (8), and this condition will be satisfied in all the solutions we shall consider. The
integral in (8) is to be read in this sense, not as an indefinite integral, though no
lower limit is specified as the appropriate lower limit will be different in different
cases.

It may be mentioned that any departure from the condition expressed by (9)
and (10) can be treated as a constant disturbance, so that this condition forms no
essential restriction on the solution of (6) and (7).

From the form of these equations (6) and (7) it can be seen that, apart from a
change of time scale, the general behaviour of the system depends on p and the
control constants only, and (4) gives the way in which they change when the time-lag
T changes.
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420 A. CALLENDER, D. R. HARTREE, AND A. PORTER

The equations (1) and (2), or (6) and (7), are linear, as is desirable both for
practical and for analytical reasons in order that the superposition principle should
apply to their solutions, so that the effects of disturbances occurring at different times
should be additive. In practice, the variations of 6 are likely to be small, so that
linear equations should provide an adequate representation of the behaviour of a real
system.

Concerning the form of the law of control, the following general considerations
show that the inclusion of at least the terms with coefficients v; and v, is desirable.

If v, = 0, then for {(v) = constant, equations (8), (7) have a particular solution
0 = ¢/(u + va), whereas 6 = 0 is not a solution, showing that if the disturbing
function tends to a non-zero value as © -~ ¢, 6 may also tend to a non-zero value,
and in any case cannot tend to 0. One of the objects of a control system should be
to avoid this if possible, and to ensure that even for a constant disturbance, 6 - 0
as v - 00.

If v; # 0, on the other hand, 06 = 0 is a solution of equations (6), (7) with
§(r) == const., whereas 0 = const. # 0 is not; and this suggests that taking v, # 0
may have the desired effect of ensuring that for a constant disturbance 6 — 0 as
v->o. Itwill appear later* that, provided vy, vs, vs, 1 lie in the region for which
the control system described by the equations is stable, this is the case. Speaking

descriptively, what happens in such a case is that 0 varies until ultimately je dr

builds up to such a value that the term — v, J 6 dv in ¢(r + 1) (see 8), cancels the

term ¢ in (6) representing the constant disturbance. ]

Thus for satisfactory control it appears desirable to include the term in (7) with
coefficient v;. On the other hand, this term alone would lead to a very sluggish
control, as its effect on the controlling function ¢(=) depends on the time integral
of 0, and thus takes some time to build up, especially when using for v, a value small
enough to give stability. The v, term is therefore necessary in addition, in order
to quicken the response of the control to variations of 0(<), and it will appear that
a law of control involving v, and v, alone will give satisfactory control with suitable
values of the control constants. The incorporation of the v, term, by giving,
effectively, still earlier indication of the incipient deviations of 0(t), greatly hastens
the checking of these deviations, and, provided v, is not made too large, values of
v, and v, can be found so that the control is still satisfactory from the point of view

* The proof depends on the results of § 4 ; we are concerned here to show in a general way the
reasons for adopting a law of control of the form (2) as one whose consequences it is desirable to
investigate, and to indicate the significance of the various terms involved, rather than to establish
these consequences.

+ There is no inconsistency between (9), (10), according to which, if 0 is zero and steady, and
{ = 0, then ¢(7) = 0, on the one hand, and the possibility when v; # 0, thatif ¢ tends to a constant
non-zero value, O may ultimately become zero and steady, and ¢(t) - — ¢ # 0, on the other hand,
since, as we have already pointed out more generally, one consequence of taking v, # 0 is that
¢(ts + 1) may be different from ¢(t, + 1), although the behaviour of § at 7, is the same as at 7,.
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TIME-LAG IN A CONTROL SYSTEM 421

of stability. The practical design of control gear giving a law of control including a
vy term may involve some difficulties, but is possible (perhaps with some restrictions
on the values of the constants obtainable) ; the practical difficulties of including
terms depending on still higher derivatives of 6(<) appear severe, and hence we
shall restrict discussion to a law of control involving the three control constants
Vi, Va2, V3.

For general discussion, and for analytical treatment, it is convenient to consider
a particular class of disturbances, namely, those for which

(7) =0 for = <O, Y(v) =1 for «>1,

the variation of ¢(z) for 0 < v << 1 being specified ; one question which arises
is that of the comparative effects of disturbances whose onset is represented by
different functions ¢ () in the range 0 < = < 1. By the superposition principle,
the effect of a general disturbance can be analysed into the effects of disturbances
of this particular class, multiplied by suitable factors and beginning at different
times, so that by studying the effects of typical disturbances of this kind we shall get
a survey of the general behaviour of the system. For a similar reason we may also
limit ourselves to solutions for which 6(7) = 0 for = << 0; that is to say, effects of
previous disturbances are omitted, and we may consider the effect of each disturbance
on the understanding that the quantity to be controlled is steady at its normal value
until that disturbance occurs ; §§ 4-6 are concerned with solutions of this kind.

The advantage of concentrating attention on disturbances of this kind is that then
the behaviour of 0(r) from = = 1 onwards is determined only by the operation of
the control and by 0(«) itself. If 0(z) =0 for = << 0, then ¢(v) = 0 for » < 1,
and the variation of 0(<) in the range 0 << = << 1 is determined by the form of -
¢ (=) ; this variation of 6(<) in the first interval (0 < = < 1) determines the varia-
tion of the controlling function ¢(r) in the second interval (1 < = << 2) by equation
(7), and since ¢(r) is now constant, this determines the variation of 0(<) in this
interval, by (6), and so on. Thus, subsequent to v = 1, the variation of 6(<) in
any interval (n << = << n 4- 1) is determined by its variation in the previous interval,
and determines its variation in the next interval. As already pointed out, in order
to be of practical use the control must be stable, that is to say, the range of variation
of 6 for such a solution must decrease as time goes on, and the more rapidly it
decreases, the sooner effects of disturbances disappear.

Although it is convenient to introduce the disturbing function ¢(<), both to
represent what does occur physically, and from the point of view of subsequent
analysis of the effects of different disturbances, these particular solutions can be
dealt with without reference to a disturbing function, as follows. The equations
with ¢(7) = 0 have a number of solutions which may be called *‘ normal modes *.
Just as in a dynamical system we may study the motion resulting from given initial
conditions, without enquiring by what disturbance these initial conditions were set
up, so here we may study the variation of 6 arising from the operation of the control
according to a certain initial behaviour of 6, without explicitly introducing any
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422 A. CALLENDER, D. R. HARTREE, AND A. PORTER

disturbance ¢ to give the initial variation of 0. In the dynamical case the initial
conditions required are the positions and velocities of the bodies concerned at a
single instant, but in the present case the initial conditions consist of the behaviour
of 6(r) throughout the time interval 0 << = < 1, as well as the value of ¢(1) (in
which a constant ¢ (<) for * > 1 can be included). Also, just as in the dynamical
case of a vibrating system, we shall find that the solution from given initial conditions
can be expressed as the sum of a number of normal modes with appropriate
amplitudes and phases.

It should be noted that the value of 0(1) (or, alternatively, the maximum value
of 0(r) for 0 << = < 1) is inevitable, in the sense that it cannot be affected by any
operation of the control, for no action of the control based on the behaviour of
0(7) for 0 < = << 1 can influence 0(<) for = < 1.

Three methods of investigation have been used for the study of the control
equations (6), (7), namely :—

(a) Determination of the special solutions, which we have called ° normal

modes ”’, of the equations, with ¢(r) = 0. This will be considered in § 3.
The behaviour of 6(+) in each of these is found to be exponential or damped
harmonic, and their frequencies and damping constants can be found. The
primary question of stability can then be dealt with by the condition that
the damping constants must all be positive, but this method gives no easy
way of finding the amplitudes and phases of the normal modes required to
fit any given starting conditions (z.e., given behaviour of 6(7) or (=) in
the range 0 << v << 1), and hence details of the way in which the initial
deviation of 0(<) from zero is checked by the operation of the control cannot
be studied.

(b) Use of HEAVISIDE operators. Equations (6) and (7) form a pair of linear

difference-differential equations with constant coeflicients, and invite treat-
ment by HEAVISIDE’S operational method* ; this will be considered in § 4,
where it will be seen that this method provides analytical solutions for any
initial conditions [or any disturbing function ¢(t)], and so enables the way
in which the operation of the control depends on the disturbance to be studied.
(¢) Numerical investigation of particular cases, either by arithmetical or graphical
methods or by use of the differential analyser. This is considered in § 5.

3—THE NorRMAL MODES

It may be anticipated that, for ¢(z) = 0, equations (6), (7), being linear, will
have special solutions which are exponential, oscillatory, or damped oscillatory,
and we therefore first consider solutions of this form, namely

0(7) =Qe", . . . . . . .. ... (1)
where Q), y are constants which may be real or complex. ’

* See JEFFREYS,  Operational Methods in Mathematical Physics”” (Cambridge, 1927).
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Substituting in (6), (7) we find that Q) is arbitrary, and that v must satisfy the
equation

Fy)=y(y+w) +e? (v +vay +vey2) =0. . . . . . (12)

This equation has an infinite number of roots, complex roots occurring in conjugate
pairs ; if the control is to be stable, the real part of y must be negative or zero for
every root, and for the control to be satisfactory in practice, the real part of y must be
definitely negative for each complex root,* so we shall write

w8, e e e (13

and require that « shall be positive ; it will be convenient to take p as essentially
positive. We shall refer to the normal mode with the smallest value of § as the
“ fundamental > or ‘ first harmonic ” and to those with larger § as ‘ harmonics .
If there is a real root y = — «,, we shall refer to the corresponding normal mode as
the “ simple exponential ’ (for some values of the control constants, there may be
more than one such normal mode).

It should be noted that, for v; # 0, vy = 0 is not a solution of (12), so that
6 = constant is not a normal mode, but when v; = 0, y = 0 is a solution of (12) ;
and also that in general (12) has no purely imaginary root,} so that there is generally
no undamped normal mode.

We shall consider the solutions of (12) under three heads :

(i) w =0, vs =0, v, and v, non-zero ;
(ii) p = 0, v4, vs, and v; non-zero ;
(iii) w > 0.

With four independent parameters, the field to be investigated is rather extensive ;
cases (i) and (ii) have been examined rather thoroughly, case (iii) less so. ~Control
is clearly easier to achieve when w > 0 than when p = 0, hence the determination
of suitable control constants in the latter case demanded thorough investigation in
the first instance. Also in practical examples of control problems u is often so small
compared to v, that p == 0 is a sufficiently accurate simplifying approximation.

Case (1) p =0, v = 0—As already mentioned, it may not always be easy to
design a practical control for which v; # 0, so in the first instance we shall consider
the case vs = 0 ; this will also be found to give a basis from which to start the
investigation of the more general case v; # 0, and will provide a comparison to show
the effect of v4 on the behaviour of the control. In this case, (12) becomes

Y vy vy =0. ... ..o Lo L. (14)

* If one or more values of ¥ were pure imaginary, it would be possible for 0, once disturbed from
the value zero, to continue to oscillate with undiminished amplitude, although the disturbance
ceased ; and this would not be satisfactory from the point of view of control.

T Substitution of y = + ¢8 in (12), and separation of real and imaginary parts, gives two equations
for B which are inconsistent unless there is a particular relation between v, v,, vg, and p. This
relation specifies the boundary of the region of values of v,, v, v, p for which the system described
by equations (6) and (7) is stable.
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The real roots y = — «, if any, are given by the intersection of the curves of
— a2¢®and v, — vy (see fig. 1). It is clear that for any negative value of v,, there
is an intersection at a negative value of «, giving an increasing exponential behaviour
for 0 ; hence v, must be positive, as would be expected from the general point of
view of the object of the control. It may similarly be expected that v, must be

2 4 o>

-05

Fic. 1—Curve i, v; — vy, o ; curve ii, — a2~ =

positive (and study of the complex roots of (14) confirms this) ; and for positive
values of vy, v, it is clear from fig. 1 that there is certainly one, and usually only one,

real rooty = — a, ; and in order that it should not be too small, v, must not be too
small or v, too large.
To obtain a survey of the complex roots y = — « -+ if it is convenient to use a

diagram such as fig. 2 showing contours of constant v, and of constant v, in the

Fic. 2—v; and v, contours on an (a, B) diagram for v; = 0, u = 0. Contours of constant
vy ; contours of constant v, — — —.
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TIME-LAG IN A CONTROL SYSTEM 425

(«, 8) plane ; the values of «, B for any v,, v, are then given by the intersections of
the corresponding v contours ; fig. 2 includes the neighbourhood in which the
fundamental lies in systems of practical importance. It will be shown later, without
recourse to any approximation, that, when vy << 1, then if « is positive for the funda-
mental, it is positive for all the harmonics, so that to ensure positive damping for
the oscillatory normal modes it is sufficient to consider the fundamental alone.
Nevertheless, since high damping of the fundamental and high damping of the
simple exponential are of limited compatibility, the latter also must be kept in view
and a suitable compromise arrived at.

Usually for the high harmonics, and often for the fundamental also, « and v,/v,
are fairly small compared to 8, and then an approximate solution of (14) is given by

B = (20 + §)r — [(vi/va) + log (B/v2)]/B
a = log (B/vs).

Hence, as far as this approximation goes, « increases with 8, so that if the funda-
mental is positively damped, the higher harmonics are more so; and also «/p
ultimately decreases with increasing 8 (though it may increase at first), so that the
approximation becomes better for the higher harmonics. Table I shows a test of
the approximate solution, in which it will be seen to be surprisingly good for the case
considered.

TaBLE I—FreQuENcies AND Dawmping ConsTaNTs, AND VALUES OF F/(y), FOR THE
NorMAL MODES FOR vy == 0-3, vy == 1, vg = u = 0.

Values from

Order of Correct values approx. formulae
harmonic F (y)
n-+1 &% B—2n+%Hr « B —(2n + =
Simple exponential 0-4128 e — — 0-856

1 (fundamental). 0-1719 —0-4010 0-1633 —0-3935 ~—1-483 ¢ (—0-60614)
2. 2-0671 —0-3044 2-021 —0-3077 —59-39 ¢ (+0-40954)
3. 2-6555 —0-2092  2-63¢ - —0-211 —198-6 ¢ (+0-30731)
4. 3-0216 —0-1622 3-008 —0-163 —417 ¢ (+0-24824)
5. 3-2885 —0-1343 3-283 —0-135 —719 ¢ (+0-20764)

Case (i) p. = 0, v; # 0—When we extend the investigation to three independent
control constants, vy, v, vs, but still ¢ = 0, the equation for the complex frequencies
v of the normal modes becomes

Y2 + vy F vy Fovgy2=0. . . . ... ... (15)

The real roots y = — «, are given by the intersections of the parabola
v; — vea 4 vz a? with the curve — «2¢7; if v,2 << 4 v,v; the parabola will not
cross the « axis, so there will certainly be no intersection and no real roots, and
there may be no real root even when this condition is not satisfied. This is the first

3 K2
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426 A. CALLENDER, D. R. HARTREE, AND A. PORTER

distinction from the case when v; = 0, when there is always a real root giving a
“ simple exponential ”’ normal mode.

It is convenient to refer a case with v; # 0 to the case with v; = 0 which has the
same value of y for the fundamental ; we shall call the values of v,, v, for the latter

’

case the ‘“ basic values ”, and write them v,’, v,’.

+0-5 i
0 2 4 o—
-0:5 ii

Fic. 3—Clurve i, v; — vy + vya? ; curve ii, — a2,

Then
vi' F vy = vy vy + v y?
and writing y = — « - 8 and separating real and imaginary parts
vi =i + («® + B?) vs (16)
V2 == V2, + 2“ Va

Thus a suitable linear increase of v, and v, with v; leaves the fundamental normal
mode unchanged. Also if, for given basic values v,’, v,’, the control constants
v, and v, for vz > 0 are given by (16) we have

(Vl T+ vay + vs Yz) - (Vl, + vy’ Y) = V3 [Bz + (°‘ + Y)z‘]a

which is positive for all real v, so the parabola in fig. 3 lies always above the straight
line in fig. 1 for the same basic values ; hence the lowest value of «, for the simple
exponential (if any) with v; > 0 is necessarily greater than that for v; = 0 and the
same basic values.

Thus, considering always the same pair of basic values, the introduction of
vy > 0 does not affect the fundamental, and either eliminates the simple exponential
or increases its damping, so that, provided the damping of the harmonics remains
satisfactory, the stability of the control is not impaired and its rapidity of response
is probably increased, as explained in § 2.

To examine the behaviour of the harmonics, write (15)

et = — [yy (va/Y) + (VA% ) FE N § V)
For the high harmonics |y| is large, so that when v # 0,

o~ log (1/v3),
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instead of increasing indefinitely with the order of the harmonic, as occurs when
vs = 0, when « ~ log (B/v,). Further, it is clear that v; must be less than 1, and
that if it is too nearly 1, the high harmonics will only be slightly damped. Hence,
apart from any question of mechanical design, there is a limit to the values of v,
for which satisfactory control is possible.

Further, taking the modulus of both sides of (17)

a« = —log |vs + (vo/¥) + (vi/¥®), - - - . . . . . (18)

and this is one relation which must be satisfied by the roots —a + ¢ of (15). For
this relation, « = 0 when

(1 —_ V32) Bt} _l,_ (2V1V3 . V22) BZ . V12 — 0 :

when v; < 1, this has one and only one real positive root, say g,, and also for large
B, « given by (18) is certainly positive. Hence « must be positive for all roots of
(15) for which B > B,; and so, if the fundamental is positively damped, the
harmonics must be also ; and a positively damped fundamental is ensured by taking
v1, vy related to vy by (16) with basic values known from case (1) to give a positively
damped fundamental.

Case (117) n # 0—When p # 0, so that the behaviour of the system is described
by four independent parameters, u, vy, vs, vs, the field to be covered is still more
extensive, but the relations (16) between the values of v, v,, v5, when vy # 0
and the ““basic values” v,’, v,’ giving the same fundamental when vy = 0, still
apply.

The equation for the complex frequencies y is now equation (12) and the real
roots y = — «,, if any, are given by the intersections of the curve of « (& — ) ¢7¢

4051

Fig. 4.—Curve i, v; — vyt + vga?; curveii, o (p — o) €%, p = 0-3.

with the parabola v; — vy« + vy a? (see fig. 4) ; as before, if vg = 0 and v,, v, are
positive there is always an intersection for « > 0, and there may be an intersection
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428 A. CALLENDER, D. R. HARTREE, AND A. PORTER

if vy # 0, and, if this exists at all, the lowest value of «, for it is greater than for
vg == 0 with the same basic values of v,’, v,’.
If v = 0 and v; = pv,, then (12) factorizes and gives

y+opw=0, or ye' -+ v, =0.

The first root gives the normal mode 0(<) == Q¢ ", which is the same behaviour
as 0 would have if it were disturbed from its zero value and left to return to it without
further disturbance or operation of the control* ; thus, if 6 happens to be varying
in this way the control does nothing to alter the situation. If the value of p is
such that this condition is satisfied with values of the control constants which also
give reasonable fundamental values for « and B, then these should be chosen because,
in the long run, the total movement of the controlling gear would thereby be kept
down. Itshould be noted that the inclusion of a small v4 term does not immediately
destroy the possibility of this situation. A large v, term will do so, but this particular
loss is then off-set by the better control thereby obtained. .

For investigating the available field for ¢ # 0, v; = 0, consider the general form
to be expected of a diagram similar to fig. 2, giving v; and v, contours in the («, p)
plane. The v, = 0 contour is given by

B cos B = («— p)sin B,

sothatas p - 0,a -1 4+ w and when« = 0, tan § = — B/p.

Hence the total useful field available when u 3 0, which is certainly bounded by
g =0, « =0, and v, = 0, is somewhat larger than when p = 0; it will later be
found important that the same order of values for « and 8 for the fundamental will
now be obtained by using larger values for v,, or, alternatively, that larger values
of « for the fundamental can now be obtained without demanding values of v,
dangerously small from the point of view of the damping of the simple exponential.

4—Use or HEeAvISIDE’S OPERATIONAL METHOD

We shall now consider the particular kind of solution for which 0(<) = 0 when
r < 0, and, as a result of some disturbance in the interval 0 < = < 1, 0(<) varies
from zero for + > 0. As we have seen, the effect of any disturbance can be found
by superposition of such special solutions.

* This type of behaviour has been termed ° working to a curve of return’” by HobpcsoN and
RoginsoN, ¢ Proc. Inst. Mech. Eng.,” vol. 126, p. 66 (1934).

t [Note added in proof, April 22, 1936.—When p > 0, control which, although somewhat sluggish, is
nevertheless stable can be obtained with v, = v; = 0 and only v, # 0 ; whereas when p = 0, it is
evident from fig. 2 that for v, = 0, the value of & for the fundamental is negative, which shows that
when g = 0, “ hunting > must occur if only the term in v, in the law of control is used.]
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We shall first consider the operational representation of some convenient types

of disturbing function. If p:—:il- , and p~' is interpreted in HEAVISIDE’S sense as

d
J .. .dv, and H(7) is HEAVISIDE’S unit function
=0

H(z) =0 =<0
H(z) =1 >0,
G(r) = S(p) H(x), . . . . . . ... . (19)

¢(p) is called the ““ operational representation > of ¢ (7).

then if

(a) b
Operational representation
. $(p) =1
0 —T
) @
(|- $(8) = (1 — ) pb
0 6  —r
() Y6)

|

1

]

|
0 26 —7
F16. 5.

Three convenient disturbing functions and their operational representations are
shown in fig. 5. The disturbance shown in (a) is the most drastic, and is just
$(7) = H(=), so that its representation is just ¢(p) = 1. For some purposes, such
a disturbance is too sudden, and we need a function ¢(x) which is continuous.
The simplest is that shown in (4), which is

$(r) = <0
= 1/b,0 <<t <
=1 T > b;
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430 A. CALLENDER, D. R. HARTREE, AND A. PORTER
it can easily be verified that its representation is

$(p) = (pb)71 (1 — ™).

A still less sudden disturbance, for which ¢(r) and d¢(7)/dv are continuous, is
given by

¢(7) =0 v <0
= 72/2b2 0< o<t
=1— (v — 2b)2/2b? b<v<2b
=1 v > 2b

shown in (¢) ; its representation can be verified to be
$(p) = (pb)* (1 — )2
Sz = 1) = ¢ [f(5)

and ¢ commutes with p~%,* so if ¢(p) is the operational representation of the
disturbing function, the operational form of (8), (7) is

PO = ¢(p) +¢— unod
po == —e? (v + vy p+ vy p?) 0

and that of their solution is

We have also

e:liFi(%l ...... L (20)

F(p) =p(p+ w) +e? (vi + vap + vs p?).

where (¢f. (12))

3

This operational result can be interpreted in two ways, either by the ‘ partial
fraction rule ”’f or by expansion in negative exponentials. The situation is very
similar to that arising in the application of HEAVISIDE’S operators to problems of
wave motion on strings of limited length,} in which the interpretation by the partial
fraction rule gives the solution, from given initial conditions, as an expansion in
normal modes, and the expansion in negative exponentials gives a solution describing
the successive arrival of waves reflected from the two ends, at intervals corresponding
to the time-lag in the present case.

The interpretation of (20) by the partial fraction rule gives

g =3 ¢(Y) o

B AN (21

* See JEFFREYS, op. cit., p. 18.
T See JEFFREYS, op. cit., p. 11.
1 ¢f. in particular the example considered in JEFFREYS’S book, op. cit., § 4.4.


http://rsta.royalsocietypublishing.org/

JA '\

/ y

A A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A \
1~

A A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

TIME-LAG IN A CONTROL SYSTEM 431

where the summation is over the roots of F(y) = 0. Now F(y) = 0 is just equation
(12) for the values of y for the normal modes, so that in (21) we have 0 expressed as
a superposition of such normal modes, with amplitudes and frequencies now deter-
mined in terms of the disturbance, specified by its operational representation ¢ (p).

It is convenient to express 0 in real form for practical use. The complex roots of
F(y) = 0 occur in conjugate pairs y = — o + 1B, and since ¢ and F’ are sums of
products of exponentials and polynomials, it follows that ¢(— o« + ¢f) and
#(— o — iB) are conjugate, and similarly for F’. So, taking each pair of terms
Y = — a 4 B together, we have altogether

_ 5 80 o 120 ,-wr . o [ 200)
O—yi}alF,(Y)e —{—7??%“2 )| e cos[B + ag<F,(Y)>]. . (22)

Now for a stable system, « = 0 for every normal mode, and we have seen that in
general « # 0 for each complex root of (12), and also that, provided v, # 0,y = 0
is not a root, so is not included in the sum overy in (21) or (22). Hence the effect of
the disturbance D(x) = H(x) [(a), fig. 5; ¢(p) = 1] on a stable system with
vy # 01sin general* togive 6 ~0 as + - .  Whereas if v; = 0, y = 0 is a root
of (12), and F’(0) = u 4 v,, hence the sum in (21) over the roots y of (12) includes
the constant term ¢(0)/(w 4 v,), so that the effect of the same disturbance on a
stable system with v; = 0 is in general* to give 0 - 1/(u + v;) as v -~ o0. These
analytical results confirm the general descriptive statements made on p. 6 concerning
the difference between the behaviour of stable systems with v, # 0 and v, = 0
under a constant disturbance, and show the importance of the v, term in the law of
control.

Taking the effect of the disturbance D(r) = H(r) as standard, we see that, for
any other disturbance represented by ¢(p), the amplitudes of the normal modes are
multiplied by |¢(y)| ; for example, for the disturbances (4) and (¢) of fig. 5, the
amplitudes are multiplied by factors

(1 —e™)/xb]  and  [(1 —e7)/vb]?,

respectively.

As an example of the effects of different disturbances, Table II gives the amplitudes
and phases, calculated from (22), of the first few normal modes of a system with
vy = 0:3, v, =1, v = p. = 0 (for which the values of v and F’ (y) are given in
Table I), under five different disturbances, namely, for that shown in fig. 54, and
for two values of 4 (0-1 and 0-5) for each of those shown in fig. 56 and ¢.  The
amplitudes of the first and second harmonics are much the same for different
disturbances, but the phase shifts are considerable, and are mainly responsible
for the different behaviours of 6 in the various cases ; since the first harmonic is

* In the exceptional case in which & = 0 for one (or more) of the complex roots of (12) and « > 0
for the other complex roots, the result of the same disturbance is that 0 ultimately oscillates about the
value 6§ = 0if v, 5 0, and about 0 = 1/(p. + v,) if v, = 0.
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very much the least damped normal mode in this case, it follows that after a com-
paratively short time the effects of different disturbances, of the same final magnitude,
will be mainly phase changes of the subsequent variation of 0.

We have so far been concerned with the interpretation of the operational result
(20) in terms of the expansion of 6 in normal modes by the partial fraction rule.
The other interpretation of (20), by expansion in negative exponentials, gives results
very similar to those for wave problems, but is too complicated to be of use in this
case if the variation of 0 after the first few units of < is required. It gives directly
the results which could also be obtained by an iterative process, by integrating
(6), (7) through successive periods of length unity (in 7).

5—Use orF NUMERICAL AND MECHANICAL METHODS OF INTEGRATION

A general idea of the range of values of the control constants which give satis-
factory control can be obtained by the method of § 3, and further investigation
requires actual solutions of the equations, with different disturbing functions ¢(x),
to show the behaviour of the control under different circumstances. This can be
done by the methods of § 4, but the evaluation of any large number of solutions by
those methods would be very tedious.

Some solutions have been obtained by numerical and graphical methods of
integration, and a fairly extensive set of rough solutions has been obtained by the
use of a model of the machine designed and built by Busa* for the solution of
differential equations, known as the differential analyser. The model, of which an
account has been published elsewhere,! was constructed in the Physical Laboratories
of the University of Manchester, and, despite the roughness of its mechanical con-
struction as compared to Busa’s machine, it has given valuable results in this work,
and this work has given valuable experience in handling such a machine, previous
to the erection of the full-size differential analyser lately installed there.f This
machine, and the model, incorporate a development suggested by the present
problem ‘and likely to be of use in others, namely, a special input table for handling
just such equations as (1) and (2), in which d6/dt at time ¢ depends on the values
of 0(¢) and other quantities, not only at time ¢ but at time ¢ — T.  In the present
problem, a pencil draws, at the abscissa (¢ + T'), a curve whose ordinate is

constant — [n, j 0(¢) dt + ny 0(8) 4 ny O(t)]

and a pointer at the abscissa ¢ is made to follow the curve so drawn. For0 <¢<T
the pointer is made to follow D(#) which will have previously been plotted, as shown
dotted in fig. 6, which shows the set-up of the machine for equations (1) and (2) in

* ¢ J. Franklin Inst.,” vol. 212, p. 447 (1931).

T HArRTREE and PoORTER, ¢ Mem. Proc. Manch. Lit. Phil. Soc.,” vol. 79, p. 51 (1935).
I HARTREE, ¢ Nature,” vol. 135, p. 940 (1935).

3L 2
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their general form (vy # 0, u # 0) and follows Buse’s standard diagrammatic
representation of the various units of the machine, with an obvious modification for
the special input table.

Integrator IV Integrator III Integrator 11 Integrator I
Constant Constant
n/K K2 l
n 0(2)
S mO(t)
. D(¢) + G(#) (input)
XY D(¢) + C(t) — m0(t) = db(t)dt
- ] K ;d0(2)/dt
K.0(2)
= 2 Iﬁ(ﬁ(t) + K, d0(t) /dt
] je(t)dt
2 = }Klge(t)dt
Klj‘e(t)dt 4+ K,0(2) + K,db(2)/dt
t
\——I:nlj 0(t)dt + n,0() + mdﬁ(t)/dl}—}-
3 <;‘ D(t+T)
» . ~C(t+T)+ D +T)
) e §l\>omter (
Pencil [D(#) = const. for ¢ >T]
Output table Input handle ™ Special table

F1c. 6—Schematic set-up of Model Differential Analyser for
dO(t)/dt = D) + Ct) — m 6(1)

QU4 T) =n, j’ 0(2) dt -+ a8 (£) + nyd0(t)/dt

The values of K, K,, and K, are chosen so that #,/K; = n,/K, = n,/K;, and so that K, and K,
can be obtained by combination of available gear wheels ; the multiplication by the ratio n/K is
carried out on Integrator IV. The ¢#’ shaft is driven by the independent-variable motor.

6—DiscussioN oF RESULTS

The merits of any selected control constants will be judged by the behaviour of
6 subsequent to any disturbance. The behaviour for the duration of one time-lag
after the initiation of the disturbance is inevitable, but after this a quick return
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towards steadiness at 6 = O will always be desired. The decision as to whether
this should occur with as little over-shooting as possible, or whether 6 should prefer-
ably be caused to decrease rather more quickly, but with repeated slight over-
shooting to the opposite side before finally returning to zero, can be made only with
reference to the particular control problem envisaged. Quite apart from the
quicker initial decrease, there certainly will be cases in which it will be an
advantage if an initial deviation of 6 is followed by a temporary deviation of the
opposite sign which might partly correct any undesired effects of the original
deviation.

In practical control mechanisms, the time-lag and the values of the control
parameters n,, n,, n; may themselves be subject to variations in the course of time,
and it is important that such variation shall not impair the behaviour of the con-
trolling gear. We shall call the control ‘ flexible > when its behaviour is satisfactory
over an appreciable range of values of 7, ny, n3, and T. Using the differential
analyser, it is easy to study the effect of such changes, and so to examine the
flexibility of the system. '

In discussing the results it is convenient to give diagrams showing the behaviour
of the solution in some typical examples ; a large number of such solutions have
been obtained by the use of the differential analyser or otherwise, and only a small
selection will be given here to illustrate the main points which arise.

For the case of temperature control 6(t) is the temperature deviation and
$(7) + ¢(r) on the right-hand side of (6) is the rate of heat supply. In the
diagrams we shall usually show curves both of 6(<z) and of ¢(z) 4 ¢(r) ; the
beginning of the latter curve shows the form of the disturbance considered, which
is always one of those shown in fig. 5, reaching a maximum value 1. In order that
the curves should be easily comparable, to show the effects of the different types of
control, the scales are taken the same for all.

Case (i). w=0, v=20, v; # 0, v, # 0—The total field available for the
fundamental is the region of fig. 2 bounded by B; == 0, ; = 0, and v; = 0 («,, 8,
being the values of «, B for the fundamental). The desirability of a quick return
of 0 to the neighbourhood of 6 = 0 demands a high value of 8, and this should be
coupled with adequate damping indices both for the fundamental itself and for the
simple exponential. (As already stated, the two latter aims are of limited com-
patibility.)

Such considerations as these show that the workable field covers a region
surrounding the line joining the points, Table III.

TasLe III
Vi Vo Ly Bl
0-156 0-568 0-40 0-60 (a)
0-29 0-95 0-20 1-13 (b)
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436 A. CALLENDER, D. R. HARTREE, AND A. PORTER

Any final selection of ranges of values for obtaining good types of return to
steadiness must be based on examples showing the actual behaviour of 6 in various
cases.

Figs. 7, I and II, show results for the above case () vy = 0-29, v, = 0-95. The
example shows a typical choice of disturbing function ; that used attains its final
unit value in the first half time-lag. It is found that small changes in the actual

- +1
g()
0 + +

" / N\

Figs. 7—I. Curves of §(1) and ¢(7) ; II. curve of 6(x).
Example (b) of Table IIIL.

vy = 0-29 oy = 0-20
vy, = 0-95 1= 1-13
Broken curve, contribution to 0 from simple exponential.

Full curves p = v; =0, and {

L 41 1
0 10 T
-1
+ r,/’““—\\
0 2 i 6 0 —
Frcs. 8—Example (a) of Table III.
o v, = 0-156 oy == 0-40
Full curves p = v; =0, and { v, — 0-568 B, — 0-60

Broken curves, g, = 0-3, v; = 0, same o, and ;.
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form used have no appreciable effect on the behaviour of 0(<) ; this agrees with
the results in Table II for which the values of v, and v, are very similar. The way
in which ¢(~) ultimately will attain the value — 1, thus producing ¢(=) + ¢ (=) = 0,
is clear ; in future examples this sum alone will be plotted in order to save
space.

In fig. 7, 8, is high and the initial return of 6(+) is therefore good, but the
damping is low. Moreover, the high v, combined with the low v, gives a low
damping of the simple exponential as shown approximately by the broken line.

Fig. 8 shows corresponding results for the other extreme (case (a) of Table III).
Here (=) is taken as linear in = as far as + = }. 0(7) is almost dead-beat, but
the maximum value of 0 is high because 8, is low. In itself this control is un-
necessarily sluggish, but it is found to have the practical advantage of flexibility,
which remains when these values of v,, v, are taken as the basic values for a control
system with vz # 0. Two-term control, that is to say control based on equation (2)
in which only v, and v, are non-zero, is adequate for many purposes ; apart from
any possible need for flexibility, one would choose constants giving a result probably
somewhat nearer fig. 7 than fig. 8, unless a dead-beat tendency for 6 (t) were
specially desired. Figs. 7 (II) and 8 (II) well illustrate limits between which 6(~)
may be made to behave in any intermediate manner.

Case (11). w =0, vy # 0, v, # 0, v; # 0—We have seen already that for stable
control v; < 1.

An effect of v;, actually found by examination of curves, will now be explained
in order to obviate the need for a large number of figures. Examination of two-
term control shows that high damping for the fundamental can be obtained only
in conjunction with somewhat sluggish return of 6(<), ¢.e., a high «; cannot be
accompanied by a high 8, for, as seen in fig. 2, this requirement would demand a
low value of v; and it would then be found that the damping of the simple exponential
was too small. The introduction of v; is very useful in that it enables the basic
constants v,” and v,” to be chosen as if for a reasonably high «;, and, therefore, a
low B,, but without, at the same time, causing sluggish initial return of 6(<).

Taking, then, the values of vy, v, for the case of fig. 8, which tends this way, as
basic values, fig. 9 shows the effect of two values of v;. Full and broken lines show
respectively v; = 0-227 and v, = 0-5. The advantage of even small values of
vg is clearly seen by comparing the three cases. By bringing the controlling function
into operation early the maximum error of 6(7) is reduced, and moreover in the
example with v, = 0-227, the maximum value which has to be attained by ¢(7)
is actually slightly less than for v, = 0. That both these results are already obtained
when using this fairly small value of v, is sometimes important, because although
- larger values would give better control they might lead to excessive operation of the
controlling gear, which would not only cause wear but might also disturb other
apparatus or plant supplied from the same source of energy (for example, the
pressure of a common steam-main may itself be unduly disturbed in this way).
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438 A. CALLENDER, D. R. HARTREE, AND A. PORTER

Further investigation, as illustrated by fig. 10, shows that in examples where
flexibility is not important, basic values of v,” and v,” somewhat greater than those
of Table III (a), may advantageously be used, even when v, # 0. Flexibility will,
however, be less good. It may be mentioned that in the case of fig. 9, the control

+1

#(T)+c(n)

0 2\—4/

A

— 10 —7

v, = 0-274
vy = 0:156; o; = 0-40

Fres. 9—Full curves p = 0 and { v, = 0-749
vy = 0-568 ; B; = 0-60

vy = 0-227

Broken curve, p =0, v; = 0-5, same v,’, v,'.

constants may be modified so as to correspond to a simultaneous increase of 209,
both in time-lag and in controlling gear sensitivity, and the control will still be
excellent. Fig. 10 completes the diagrams for case (ii) with a selected example of

i b+

/—’-\”\\ .
\2/4 10 7
\/J . U
+1 &
o)
0 /\ o i
AN

6 8 10
I
-1 -

v, = 0-95

v, =0-20; o, = 0-34
‘ - vy = 1-24

Figs. 10—y = O and | ? vy = 0-79; B, = 1-00
v, = 0-67
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good control ; v, is fairly large. In this case the control function builds up more
rapidly and further than in previous examples, consequently the rapidity of initial
return to normality is higher. There is some ‘“ over-shooting ** ; in fact, comparison
of figs. 9 (II) (broken) and 10 (II) well illustrates the choice to be decided upon as
mentioned at the beginning of this section. Neither of these cases, however, will be
so flexible as that for which the results are shown by the full curves in fig. 9.

In examples where v; # 0, it may be noticed that any discontinuity in ¢(7) is
repeated (to a smaller degree since v; < 1) at regular intervals of one time-lag after
its first occurrence.

Case (17). w # 0, vq, vo, v5 # 0—No general examination of this case has been
made ; a few cases have been tried for p = 0-3 merely because this value
corresponded to a definite practical problem.

F+1
gM)+c@)
0 4 T—

o %
o9(7,
I
0
0 2 4 T—
v; = 0-282
o, = 0-50
Fies. 11—p = 0-3 and { v, = 0-690
By =1-00
vy =10
I
bR $@)+c(r)
0 2 4 7T—

l

T—

v, = 0-752
v, = 0-282 oy = 0-50

Fies. 12—Full curves p. = 0-3 and 4 v, = 1-066
‘l v, = 0-690 B,=1-00

vy, = 0-376
Broken curve, v; = 0-5, same , ay, B1

VOL. CCXXXV—A 3 M
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440 A. CALLENDER, D. R. HARTREE, AND A. PORTER

It appears that for p = 0-3, the fundamental normal mode with B, = 0-60,
«; == 0-40 gives an unnecessarily sluggish control, even making due allowance for
flexibility ; the broken curves in fig. 8 illustrate the point. Figs. 11 and 12 are on
the same basis and show a case which uses freedom to combine higher v, with
higher «;. The benefit of v; remains, and the control is good ; further it can be
shown that the control constants used in fig. 12 give good flexibility. (The broken
curve is for v; = 0-5 using same values for «, and B,.)

7—AvuromaTic CONTROL

A general method by which control in accordance with equation (2) may easily
be obtained automatically will now be indicated, and some practical examples of
this method outlined.

In fig. 13 the controlling gear is represented for definiteness by a valve S governing
the supply of steam to a vessel whose temperature deviation 0 from standard is
indicated by the position of the arm A, and is to be kept as small as possible ; but
the argument could easily be extended to other methods of controlling and indicating
temperature or other physical quantities.

o

Frc. 13.

If there is a time-lag T between the valve S taking up any setting, and the effect
of this setting on the behaviour of the indicated value* of 6, then we may write

C(t + T) = S(¢),

* If some of the time-lag is in the indicating instrument, 0(¢) in (1), (2) must be taken as the
indicated value of 0 at time 2.
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where S(¢) depends on the setting of the valve S at time ¢, and C(¢) is the controlling
function defined in § 2. Then (2) becomes

S = 0() b g O(8) -y O(F) . e . . (23)

and the valve S is to be moved automatically so that S(#) satisfies this equation.
There are several practical methods of achieving this ; we shall outline one and
indicate two analogous forms.

In fig. 13, let » be the height of the end of the arm A above its position when
6 = 0, and suppose that x is proportional to 6. Also let y be the height of a cylin-
drical vessel W, above some arbitrary level, this height being made proportional to
the value of — S(¢), for example by means of a connexion to the valve S through
a cam as shown. A similar vessel W, is placed so that the lower end U of a rod
hanging from the arm A can touch the surface of liquid in W,. Liquid in W, com-
municates with that in W, through a siphon pipe, from an intermediate point Q
of which a branch pipe is led to a dish D of cross-section large compared to those
of W, and W,, so that changes of level of the liquid in D can be neglected. This
level is adjusted to be that of U when 6 = 0. ‘

Now suppose some mechanism M, actuated by the contact at U, causes S (and
so W) to be moved in such a way that the liquid surface in W, is kept just in contact
with U. Then if the cross-sections of W;, W, are C,, C, and the resistances* of the
pipes from Q to D, W,, W, are R, r,, r,, respectively, then it follows from the
equations of motion and continuity of the liquidf that

}IciR[er{(R%*h) Ci + (R + 1) Gy}

+ {R (7'1 + 7’2) 4y G, Ce %], .. (24)

which is of the form (23), since x, » are respectively proportional to 6(f) and — S(&).

Thus if contact of the surface of the liquid in W; with U is maintained as 6 varies,
a law of control of the desired form will be obtained.

It is of some interest to note that though any desired values of », and 7, can be
obtained by suitable choice of the constants of proportionality between x and 6, and
between » and — S (#), and of C,, C,, R, 7y, 7,, the possible values of n5, for given
n,, ny are restricted, for, comparing (24) with (2), it is found that

4 (n3/n1) = (nz/n1)2 —{ (R + 7'2) G, — (R + 7'1) G, }2 — 4R? 01 G,,
so that

ng/ny = % (no/ny)?

va/vi = % (va/v1)2 . . o Lo (25)

* For the velocities of flow here concerned, the resistance of a pipe [(pressure difference)/(rate of
flow)] is constant. In deriving (24), the pressure difference is supposed measured in terms of head
of liquid.

T Inertia terms in the equations of motion have been neglected, as they are negligible in all practical
cases yet encountered.

and consequently, from (4)

3 M 2
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442 A. CALLENDER, D. R. HARTREE, AND A. PORTER

However, in theory, as shown in § 3, and in practice there are reasons why large
values of v, are undesirable, so that the restriction (25) has not been found a serious
disadvantage.

There are several ways of ensuring that S (and so W) should move in such a way
that the liquid surface in W, follows the motion of U, as closely as is required in order
to obtain a good approximation to the desired law of control. One method, which
has the advantage of imposing practically no forces on the indicating arm A, is to
use mercury as the liquid in the vessels, and, in principle, to use an electrical contact™
between U and the liquid surface to operate a motor (M, fig. 13) driving W, and S.

Fic. 14.

An apparatus of the type of fig. 13 was exhibited by I.C.I. (Alkali) Limited at the
Royal Society Conversazione, May 3, 1935. In fig. 14 (photograph), D, W,, and
W, are the various vessels, E is an electrical relay system by which the contacts at U
govern the operation of motor M (not visible in the photograph) so as to give the
“ following > motion to the liquid surface. For demonstration the steam valve had
been replaced by a rheostat governing the electrical energy supply to H, which is a
miniature body the temperature of which is being controlled. A ““ delay ”, brought
about by suitable insertion of lagging material, and approximately constituting a
14-minute time-lag, is incorporated in the system. A non-electrical form of this

* To avoid sparking, and for other reasons, a group of four contacts operating the motor through a
relay system is used ; it is beyond the scope of this paper to describe this arrangement in detail.
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type in which a float on the liquid in W, brings about the operation of a pilot valve
arrangement has also been designed.

Two analogous forms of this apparatus will now be briefly mentioned.

The electrical circuit of fig. 15 is exactly analogous—the same mathematics
applies, using the obvious interpretations. The setting of S determines, on a suit-
able scale, the potential of one side of condenser C,, instead of the height of vessel W,,.
S is operated so that the potential indicated by the arm B of the electrical instrument
G follows the movements of A.

Fic. 15.

In another form, liquid pressures are used (instead of actual heights as in fig. 13),
a pressure indicator taking the place of the electrical instrument G in fig. 15, spring
loaded pistons or diaphragms being the analogues of the condensers of fig. 15.

This analogue can easily be given still further variations in which, by duplicating
some of the vessels and arranging them symmetrically, the equivalent of D can be
eliminated.

Practical examples of each of these systems have been used, and give satisfactory
operation.

One of the authors (A. C.) wishes to thank the Directors of Imperial Chemical
Industries Limited for permission to publish this work, developed, in part, in the
Research Department of one of the subsidiary companies, I.C.I. (Alkali) Limited.

SUMMARY

Control gear of some kind is often used to keep the value of a physical quantity,
subject to random disturbances, as nearly constant as possible. This paper is con-
cerned, firstly, with a general theoretical study of the operation of such control gear
when this operation is determined solely by the behaviour of the quantity to be
controlled itself, and when there is a time-lag between this behaviour and the effect
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of the consequent control operation ; and secondly, with means of putting the
theoretical conclusions into practice.

The “law of control ”, or relation between the behaviour of the quantity to be
controlled and the effect (after the expiration of the time-lag) of the consequent
control operation on it, is taken to be linear in the quantity controlled, its time
derivative and time integral.

In the absence of a disturbance, the control equations have certain simple
solutions, exponential or damped harmonic, which may be called * normal modes >,
and the behaviour of the controlled quantity when disturbed can be expressed as the
sum of normal modes, with amplitudes and phases which are best determined by
HEeAvisIDE’s operational method. For stable control the damping constants of all
the normal modes must be positive, and this, coupled with the requirement of quick
return of the quantity controlled to its normal value after a disturbance, limits the
practically useful range of values of the parameters in the law of control. Suitable
ranges of values for these parameters are found and typical examples of the behaviour
of the quantity controlled, for different values of the parameters, are given.

A practical method, feasible on the industrial scale, for obtaining automatic
control approximately in accordance with a law of control of the form here studied, is
outlined, and two analogous methods are indicated.



http://rsta.royalsocietypublishing.org/

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

W

’- 5 I "
B/t B AT
_?.-Jﬂ -;-”.. v m!:

THE ROYAL
SOCIETY

OF

PHILOSOPHICAL
TRANSACTIONS

Fic. 14.


http://rsta.royalsocietypublishing.org/

